Mode locking in cw solid-state lasers by linear and nonlinear frequency shifts V L Kalashnikov, V P Kalosha, I G Poloiko, V P Mikhailov Abstract. A new mechanism of the formation of ultrashort pulses in solid-state lasers, characterised by a shift of the carrier frequency of the lasing field relative to the central frequency of the gain band, is investigated. The interaction between a linear frequency shift and self-phase modulation of the lasing field is capable of ensuring mode locking. An analysis of self-consistent solutions of the equations describing evolution of ultrashort pulses in a laser system yields the parameters of these pulses, which are in good agreement with the experimental results. A study of the stability of the pulses makes it possible to describe a cascade of oscillation effects which accompanies an increase in the ultrashort pulse energy.
Methods of mode locking with the aid of various nonresonant optical nonlinearities are used extensively nowadays. This is particularly true of the third-order nonlinearity responsible for self-phase-modulation (SPM), self-focusing, and induced nonlinear birefringence. The dependence of the phase state of a field on its intensity, which is characteristic of these effects, makes it possible to construct amplitude modulators based on them and suitable for the generation of ultrashort pulses in solid-state lasers [1] [2] [3] [4] [5] [6] [7] .
Studies have also been made of self-mode-locking in the absence of any amplitude modulators when the desired effect is achieved by a moving mirror or by modulating the cavity period [8, 9] . The motion of a mirror can result in selfmode-locking in the case of additive locking [10, 11] or in initiation of mode locking under self-focusing conditions [12] . Systems with moving mirrors or rotating prisms are now used widely to initiate mode locking in lasers of various types.
An investigation of a linear phase shift, which appears because of the motion of a mirror or because of modulation of the cavity period, has led to the conclusion that mode locking is possible in such systems in the presence of SPM [13] . This effect has been observed experimentally [14] . It can be described as follows. The motion of a mirror leads to a frequency shift of the carrier frequency of the radiation field in a laser. The shift produced by one round trip is extremely small (about 10~9 of the fundamental frequency), but as lasing grows, the effect is cumulative and this leads to a shift of the spectrum of a pulse relative to the centre of the gain band or relative to the pass band of the frequency-selective components of a laser system. In the presence of SPM the spectral components of the stronger surges of the field become additionally and nonlinearly broadened, which reduces the losses due to the frequency shift. This effect may be discriminating and may lead to the formation of ultrashort pulses. However, only a semiquantitative description is currently available of self-mode-locking by the Doppler effect in lasers with a frequency shift [14] .
We shall provide a detailed analysis of the relationships which govern mode locking in lasers with SPM and detuning of the fundamental frequency of ultrashort pulses from the centre of the pass band of the frequency-selective components of a laser system. We shall consider the advantages and disadvantages of such mode locking, and we shall justify why this trend in the development of lasers generating ultrashort pulses should be regarded as promising.
Our investigation of the behaviour of ultrashort pulses in a laser system (Fig. 1) is based on the application of the methods from the theory of self-consistent solutions of equations describing the transformation of the field by laser components, in combination with an analysis of the special features of the dynamic stability of these solutions (see, for example, Refs [15, 16] ). We shall consider the transformation of the time profile a(tj) of an ultrashort pulse as a result of its passage through a four-level active medium with the maximum gain a m and with the absorption and amplification cross sections CT 14 and <j 32 , respectively. We shall take account of the linear losses y, the losses in a frequency-selective component characterised by a time delay x of the group velocity of the field (this time delay is inversely proportional to the width of the transmission band of the component), the presence of SPM, and the smallness of the change in the field in one round trip through the cavity whose period is T cav . The transformation of the time profile is described by the following equation [17] 9a where
is the gain;
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Generation of stable ultrashort pulses corresponds to the solution of the self-consistent variant of Eqn (1), da/dz = 0, which we shall seek in the form
where a 0 is the amplitude; 0 = \/t is the reciprocal of the ultrashort pulse duration; t is the pulse duration; 5a> is the detuning of the pulse frequency from the central frequency of the pass band of the frequency selective component; ( is the chirp.
Since 5OJ is governed by the Doppler effect on a moving mirror or a rotating prism, and since it is an "external' parameter, substitution of the solution (2) into Eqn (1), expansion of Eqn (1) as a series in powers off;, and the assumption that the coefficients of the expansion are zero, yield the following system of algebraic equations, which relate the parameters of the solution (2) to the parameters of the laser system:
where A is the delay of the field after a round trip through the cavity.
In the second equation of the system (3) a small 'chirp delay' term, equal to -2£T 2 is ignored. The reason for this is simple. Since 5co < 0, a positive chirp will lead to preferential amplification of the trailing part of a pulse because of an increase in the frequency with increase in r\. This in turn will delay a pulse during each trip through the cavity. However, calculations show that the effect in question is weaker than the effects due to the other terms of the second equation of the system (3). The following system of equations is obtained from the system (3):
Eqn (7) allows us to find the conditions which SOJ obey:
which leads to the conclusion that the ultrashort pulses can be generated in a limited range of 5a>, where |8co| increases with increase in a Q (and, consequently, with increase in the pump intensity P). For fixed values of oc 0 , y, and [i the detuning is described by |8co| oc 1/T. Fig. 2 shows the detuning dependences of the minimum normalised pump intensities U = o l4 T cliV P and of the minimum ultrashort pulse durations obtained by solving the system of equations (4) - (7) for different values of z and p. It should be noted that a stationary solution is obtained only if the depletion of the gain under the action of energy of ultrashort pulses is taken into account in detail; instantaneous depletion of the gain should not be assumed, as is done, for example, in Ref. [5] . This means that the dynamics of amplification is the principal factor in the investigated mode locking method. It is evident from Fig. 2 that the existence of ultrashort pulses is possible in a limited range of frequencies [see Eqn (8) ] and that an increase in |5w| reduces the minimum soliton duration t and increases the minimum threshold. This can be explained qualitatively. In fact, a reduction in t corresponds to broadening of the spectrum of ultrashort pulses, so that the losses experienced by these pulses within the pass band of a frequency-selective component become perceptible only at higher values of |5co|. However, in view of the nonlinear broadening of the spectrum, compensation of the increase in |8co| requires greater nonlinear phase shifts due to SPM, which in turn is possible at higher values of a and, consequently, higher P.
It should be pointed out that, for |5a>| ~ 20 GHz and T = 5 ps, the pulse duration is t ~ 100 ps. This is in agreement with the experimental results reported in Ref. [14] for a YAG laser. Such a frequency shift for a mirror moving at a velocity of ~ 10 cm s" 1 is accumulated after 10 5 cavity trips (see Ref. [14] ). The relative pump intensity U = 10~3 corresponds to a power of 5 W (for a laser pump beam of 50 um cross section). A similar effect can be observed in systems with rotating prisms or optical plates.
The detuning of the carrier frequency of a pulse from the centre of the pass band of a frequency-selective component may occur not only because of the Doppler effect, but also as a result of the frequency shift of the pass band itself, which happens -for example -in a Fabry-Perot interferometer with a moving mirror [18] or when the laser cavity period is modulated by rotating a prism or an optical plate. Moreover, mode locking by SPM and frequency asymmetry of the losses can occur as a result of truncation of the edge of the spectrum of a luminescence band, which may be caused by a detuning of the transmission maximum of a frequency filter from the gain maximum due to the Stark effect [20] , by inhomogeneous broadening of the gain profile [21] , or by introduction of an optical knife-edge between two prisms [19] .
It should be pointed out that mode locking because of the combined effect of SPM, frequency detuning, and gain saturation may ensure not only the generation of ultrashort pulses under the influence of these factors, but may also initiate mode locking regimes associated with other nonlinear mechanisms, specifically self-focusing [10] and mode locking because of the presence of an additional linear cavity [12] . In both these cases the characteristic velocities of mirror motion or prism rotation have been close to those mentioned above. The existence of such an initiating mechanism complements the explanation, put forward in Ref. [18] , of mode locking in the presence of an additional cavity and a moving mirror.
As pointed out in Ref. [14] , a reduction in the width of the pass band of a frequency-selective component reduces the linear frequency shift |8w| (compare curves 2, 5, and /, 4 in Fig. 2) . The relationship 5a> oc l/i is then obeyed [see Eqn (8) ]. The minimum pump rate needed for the generation of ultrashort pulses can be reduced by selecting a medium with a large value of /? (curve 3 in Fig. 2 ). This has been achieved [14] by introducing a KTP crystal into the laser system. Therefore, the main relationships governing the behaviour of ultrashort pulses in a system with SPM and a frequency drift, which follow from Eqns (4)- (7), are in agreement with the experimental observations. This justifies a detailed analysis of this regime.
Calculations show that the regions of existence of ultrashort pulses, which lie above the curves in Fig. 2 , represent a set of discrete curves corresponding to the parameters of a steady ultrashort pulse (Fig. 3) . The frequency intervals between the curves and the intervals within which one curve is located are not equidistant and they decrease with increase in |8to|. Within the limits of one curve, the increase in | 8<w| is accompanied by a reduction in a and U, and by an increase in the pulse duration / and a reduction in A (the left-hand branch of \A\ in Fig. 3 corresponds to A > 0, i.e. to the case when a pulse in the following trip overtakes a pulse in a preceding trip; the right-hand branch corresponds to A < 0, i.e. it corresponds to delay). As expected, the chirp (dashed curve in Fig. 3 ) is positive. It (4), and J (J) in the case when T = 1 ps and the normalised nonlinear parameter is /? = 0.01. The photon fluxes at the maxima of ultrashort pulses are normalised to l/o^Tra" 'he cmr P is normalised to is evident from Fig. 3 that ( has a sharp maximum when plotted as a function of \8u>\.
The discrete nature of the regions of existence of ultrashort pulses can be attributed to the discrete nature of the regions of efficient mode locking, pointed out earlier [21] . Within a mode-locking region there are discrete sets of parameters for which the balance of the factors that govern the transformation of ultrashort pulses in a laser system is optimal from the point of view of maintenance of the stability of the process of generation of minimum-duration pulses.
An analysis of the stability of ultrashort pulses is of special interest because it can provide information on the possibility of realisation of the regime under discussion. We shall consider this topic by going over from a general picture described by Eqn (1) to one in which the parameters of a soliton a 0 , 8, (, and A are related to the parameters of another soliton ag, 8', £', and A' that forms as a result of transformation under the influence of the operator described by Eqn (1). This yields the following iteration procedure:
Numerical modulation on the basis of Eqns (9)- (12) shows that the ultrashort pulses are stable for minimal values of P. Motion along a curve corresponding to the existence of these pulses (Fig. 3) in the direction of increasing P reduces the radius of convergence of a perturbed pulse. The phase paths become concentrated near a curve corresponding to stable ultrashort pulses which exist for other parameters of the system. It should be pointed out that the existence of such a special direction in the phase space may be utilised directly in the development of actively controlled laser systems with feedback, in which the process of formation of ultrashort pulses is initiated in a region of the phase space optimal for rapid 'relaxation' of an initial pulse to its steady state. Examples of such systems utilising an active feedback and taking account of the optimal compression of ultrashort pulses during their passage through a saturable absorber are well known [22] . For certain values of ba> and P a system of this kind undergoes bifurcation of a stable limit cycle (Fig. 4a) , as a result of which undamped oscillations appear in a pulse. The oscillations of high-energy ultrashort pulses match the oscillations of the parameters of the laser system with frequencies 1-100 MHz when these parameters deviate from the values corresponding to the zone of maximum modelocking efficiency [17, 18, 21] . It is worth noting that, according to Fig. 3 , these oscillations occur for those ultrashort pulses which are characterised by a slight delay A. This corresponds to preferential pumping of the leading edge of ultrashort pulses, accompanied by a rapid depletion of the gain at the trailing edge. Strong amplification of the leading edge of ultrashort pulses is known to be a destabilising factor [23, 24] , so that when P is increased further and A is reduced, the pulses which are then formed are incapable of 'tracking' the steep jumps in the amplification at the leading edges.
The amplitude of these oscillations increases for ultrashort pulses with higher values of P. The oscillations themselves cease to be regular, which manifests itself in 'smearing out' of the path along a bifurcation torus (Fig. 4b) . This corresponds to a situation in which the frequencies of oscillations of ultrashort pulses on a bifurcation torus become incommensurate. A further change in the ratio of these frequencies with increase in P again leads to regularisation of the beats. This process is repeated until the stable limit cycle is destroyed.
We can therefore draw the conclusion that there are complex, both regular and irregular, oscillations of the field in such a laser system and that they precede destruction of high-intensity ultrashort pulses. The decisive factor is an excessive pumping at the leading edges of ultrashort pulses and a reduction in the delay of the pulse during the cavity period T cdiV .
The destabilising nature of the increase in the gain a 0 follows from an analysis of the results of continuous perturbation described by the operator of Eqn (1) in the form a 0 + S (Fig-5) . The sign of the perturbation is decisive. An increase in a 0 rapidly destroys a soliton after passing through the stage of bifurcation of creation of a stable limit cycle (upper path in Fig. 5 ). The oscillations of ultrashort pulses are thus indeed related to the excess gain. When a 0 is reduced, a soliton can be stable in a wide range of perturbations. The action of perturbations results in the creation of a soliton with a longer duration t and a smaller value of a 0 (lower path in Fig. 5 ). The actual values of the perturbed parameters t and a 0 lie on a curve which represents stationary states permissible in a laser system. We shall conclude by noting that an analysis of the selfconsistent solution of the equations that govern the field transformation in a laser system demonstrates that it should be possible to generate ultrashort pulses in lasers with SPM and a frequency shift. The main relationships governing mode locking, which are deduced from this analysis, are in good agreement with experiments. A numerical analysis of the stability of ultrashort pulses has made it possible to describe the main dynamic features of mode locking. It is shown that there is a set of parameters that ensures generation of highly stable ultrashort pulses. A study is reported of destabilisation of the pulses as a result of changes in the dynamic characteristics of the system. 
